This paper examines the validity of the no scalar hair theorem for charged axially symmetric stationary black hole in four dimension for a very wide class of scalar tensor theory, both minimally and nonminimally coupled. The solutions are expressed in Boyer Lindquist form and the scalar field becomes trivial for the existence of a well defined horizon.
Introduction
Recently there has been a considerable resurgence in the scalar no hair theorem for black holes although this had been initiated long back [1] [2] [3] [4] . An exterior observer cannot obtain any information regarding a black hole excepting that of its mass, charge and angular momentum. This is essentially the central idea of the no hair theorem. The 'scalar no hair theorem' excludes the availability of any knowledge of a scalar field from the exterior geometry of a black hole and is thus a confirmation of the no hair theorem.
The recent interest in the no scalar hair theorem [5] [6] [7] primarily involves the inclusion of a wider class of scalar fields, such as those which are non-minimally coupled to gravity, in the purview of the said theorem. These investigations, however, are mainly concerned with charged or uncharged spherical black holes. For a brief but excellent review, we refer to the work of Mayo and Bekenstein [6] .
For a more general spacetime, where there is no spherical symmetry due to the presence of rotation, there had been some investigations, but mostly with minimally coupled scalar fields. Fackerell and Ipser [8] considered a massless scalar field in a Kerr background and showed that with at least one real horizon, the scalar field must be trivial and thus there could be no scalar hair. Bekenstein [2] showed that black hole in its final state cannot be endowed with an exterior scalar field . This work is quite extensive and in fact rules out the possibility of the existence of some other fields, such as a massive vector meson field, along with a stationary black hole.
The present work deals with an investigation of the validity of the no scalar hair theorem in the context of stationary axially symmetric black holes. Eris and Gurses [9] devised a technique for generating the exact solution for the Einstein field equation with a minimally coupled scalar field along with a Maxwell field in a stationary axially symmetric spacetime. Using a similar technique we find the solution for EinsteinMaxwell-Scalar field (EMS), which reduces to Kerr-Newman (KN) solution for a trivial scalar field. This solution clearly indicates that axially symmetric charged black hole cannot have a scalar hair.
The EMS solution is then used as the seed for generating the corresponding solutions for a variety of non-minimally coupled scalar tensor theories by making use of a conformal transformation recently discussed by Saa [5] . All these solutions reduce to KN solution if the scalar field is trivial. It is found out that, for the existence of a regular horizon, the scalar field indeed becomes trivial in all cases. So the only informations available to an external observer, regarding the black hole, are those of its mass, charge and angular momentum.
In section II, the solution for the field equation with a minimally coupled scalar field and an electromagnetic field is generated by following similar method as suggested by Eris and Gurses. These are then used to check the validity of the no scalar hair theorem. In section III, the solutions corresponding to some non-minimally coupled scalar field are generated using Saa's technique and the theorem is again tested against them. The results obtained are briefly discussed in section IV.
A minimally coupled scalar field
We start with a general form of stationary axially symmetric line element
where ψ, ω, γ, h are all functions of x 1 and x 2 .
The energy momentum tensor for the electromagnetic field is
where the Maxwell tensor F µν is given by
3)
A µ being the vector potential component. A 0 and A 3 , (i.e A t and A φ ) are the only existing components of A µ . They are also functions of x 1 and x 2 .
Now if a massless scalar field φ is also included, the total energy momentum tensor becomes
where T µν = energymomentum tensor for electromagnetic field and S µν = energymomentum tensor due to massless scalar field
where φ is also function of x 1 and x 2 .
The set of equations to be solved now are
and
The field equations given by (2.5) for the metric (2.1) are
12)
Here A 0 = A and A 3 = B and suffix 1 and 2 represent differentiation with respect to x 1 and x 2 respectively. If the contribution for the scalar field is put off the field equations reduce to those in the electrovac case.
Now if γ is written as
where γ v is the solution for γ in the electrovac field for metric (2.1) and γ φ satisfies the equations
then, the metric coefficients ψ, ω, h and vector potentials A 0 and A 3 of the electrovac solutions along with γ as given by (2.14) and φ determined by (2.6) form the complete set of solutions for Einstein-Maxwell field minimally coupled with massless scalar field (EMS), given by equations (2.8-2.13).
The only difference of this generation technique with that given by Eris and Gurses [9] is that the results are expressed in a different coordinate system where using the canonical relation
the metric (2.1) is written in the Weyl Papapetrou canonical form
where ρ and z are harmonic functions of x 1 and x 2 and are called canonical cylindrical coordinates. But in our case the canonical condition automatically holds with the energymomentum tensor given by (2.4). So without imposing equation (2.17) as a restriction , the result of Eris and Gurses [9] can be recovered from our result for
The axially symmetric stationary electrovac solution in general relativity is generally described by Kerr-Newman (KN) metric. The KN solution in the wellknown Boyer Lindquist form is given by 19) and the solutions for the vector potentials are
By a coordinate transformation of the form
Misra et al [10] and later Singh et al [11] had rewritten the KN metric in canonical form
where
The vector potentials in the transformed coordinates are
For the line element (2.1), the wave equation (2.6) becomes
In terms of equation (2.22), equation (2.25) can be written as
At this point we make an assumption that φ is isotropic i.e φ = φ(R), to make the situation simpler. Then equation (2.26) is readily integrated to yield
where σ and φ 0 are two arbitrary constants. We take φ 0 = 0 without any loss of generality.
Once φ is specified, we can find γ φ from equations (2.15) and (2.16) as
So the solution for the line element in EMS field becomes
with electromagnetic potentials
and scalar field
By using the inverse transformation given by (2.21), these solutions can also be written in the wellknown Boyer Lindquist form and the scalar field
The metric is asymptotically flat for large r and the scalar field vanishes for the limit r → ∞. In this solution for σ = 0, the scalar field becomes trivial and the metric goes over to KN solution. If we put off the charge, i.e e = 0, and set the angular momentum also to zero, i.e a = 0, the metric reduces to one of the solutions given by Penny [12] for the static axially symmetric massless scalar field From the metric (2.34) we see that g 11 is singular at r = m ± M surfaces. Simultaneously the scalar field φ in (2.36) diverges at these two surfaces if σ = 0. In order to investigate the nature of these surfaces, i.e, whether there are curvature singularities, we calculate the Ricci scalar
It is evident from this expression that Ricci scalar diverges at the surfaces r = m ± M for σ = 0 and thus these surfaces fail to act as horizons. However, if σ = 0, R also becomes 0 for all values of r and there is no singularity at r = m ± M. But for σ = 0 the solution reduces to the KN solution, and hence one can conclude that the scalar field cannot exist if one demands the existence of a black hole, i.e, well defined horizons.
A conformal transformation and nonminimally coupled scalar fields
The solution (2.34-2.36) can now be used to generate the stationary axially symmetric spacetime with an electromagnetic and nonminimally coupled scalar field with the help of a conformal transformation. The action for a very general scalar tensor theory along with Maxwell field is given by
where g µν , φ and F µν are the metric tensor, the scalar field and the Maxwell field respsectively. The scalar field is nonminimally coupled to gravity because of the term f (φ) in the action and the Newtonian constant G thus becomes a function of φ instead of being a constant. For different choices of the functions f (φ) and h(φ), one obtains various scalar tensor theories of gravitation. With a conformal transformation
where Ω 2 = f (φ), and by defining a new scalar fieldφ, in terms of φ, and h(φ). This method is discussed by Saa [5] (for a detailed discussion see ref [15] ), and is similar to the transformation of units by Dicke [15] . An serious limitation of this method is that it is valid only for positive f (φ) . But otherwise this method is extremely powerful as one can generate the solutions for a very wide class of scalar tensor theories from a single seed solution.
In what follows, the stationary electrovac solutions will be generated for some nonminimally coupled scalar tensor theories, and the existence or absence of scalar hair will be examined.
Brans Dicke theory
In the scalar tensor theory of Brans and Dicke [16] , the relevant action is
The conformal transformation for Brans Dicke field from the minimally coupled scalar field would be of the form By using (2.34-2.36) we get the solutions for BDM metric with the help of the transformation defined by (3.1.2) and (3.1.3). Thus the solution for the scalar field is
The line element for the BDM metric in the Boyer Lindquist form is
with the solution for the vector potentials being the same as in EMS field.
In the limit r → ∞, the metric is flat and the scalar field is constant. It does not go over to the corresponding general relativistic solution i.e, KN for the limit ω → ∞, as the energymomentum tensor is traceless [17] , but the solution reduces to KN for σ = 0 as the scalar field then becomes a constant.
At this point it deserves mention that there are already some solutions in Brans
Dicke theory [11, 13, 18] for a stationary axially symmetric spacetime. If the electric charge e is zero, the solution given here reduces to that given by McIntosh [13] in Dicke's revised unit.
To investigate whether the singularities present in the solutions are physical or not, we calculate the Ricci scalar
Analysing these solutions we find that the surfaces r = m ± M act as physically 
Nordtvedt theory
Next we take up the example of generalised scalar tensor theory of Nordtvedt where the coupling parameter ω is also a function of φ, the scalar field, in the action (3.1.1).
The same method of conformal transformation to find the solution for axially symmetric charged stationary metric in general scalar theory will be followed with two choices of ω as a function of φ.
Barker's choice[19]
In this case,
The conformal transformation in case of Barker's theory are 
Hence the Enistein Maxwell Barker metric is given by
The solution for the vector potential A 0 and A 3 remains unaltered as in all other cases. The Ricci scalar For σ = 0, R is always zero and r = m ± M indeed act as horizons, but once again in this case (σ = 0), the solution is essentially the KN solution and the exterior spacetime is endowed with the knowledge of mass, charge and angular momentum only.
Few known results in some other theories
In a very general approach, for a neutral scalar field ψ given by the lagrangian density [2] proved that a massive (m = 0) real scalar field must vanish and a massless (m = 0) real scalar field must be constant everywhere in the exterior of a rotating blackhole. In a following paper [3] he showed that a true stationary blackhole endowed with a conformal scalar field cannot exist for any symmetry.
As in spherical symmetry, Horne and Horowitz [21] had found blackhole solution with dilatonic scalar field for slow rotation also. The blackhole solution have finite dilatonic charge with other parameters such as mass, electric charge and angular momentum. There is, however, a coupling between the Maxwell field and the dilatonic field in the action. This coupling makes this theory different from all other scalar tensor theories described by the action (3.1). The dilatonic blackhole reduce to KN solution only if this coupling vanishes.
Discussion
In this work we have shown that the only black hole solution for a asymptotically flat, stationary charged, axially symmetric metric for a very wide class of scalar tensor theories described by the action (3.1) will be essentially the KN solution, with a trivial scalar field φ. In the presence of a non trivial scalar field the surfaces r = m±M, which act as event horizon in KN blackhole, become themselves singular. The solutions used in this purpose may not be unique, but they are clearly the generalisation to scalar tensor theories of the KN metric, the most widely discussed axially symmetric stationary electrovac solution in General Relativity. The case of an uncharged axially symmetric black hole (analogous to Kerr black hole) can be easily studied as a special case of the solution discussed in this work by putting e = 0. The result is the same,
i.e, the scalar hair cannot exist when one demands a regular horizon.
The generation technique used in this work (Saa[5] ), has an important limitation as it is valid only for positive definite values of f (φ). But still the results obtained here definitely strengthens the validity of the no scalar hair theorem. The theorem, however, may not be true in the case of dilaton blackhole [21] and also for a spacetime with more than four dimensions (see the discussion in ref [7] ). Investigations regarding a negative coupling (f (φ) < 0) and also the solution with scalar potentials would perhaps make the theorem stronger.
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